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Abstract. In this paper, which is sequel to [3], we explore further the 
structures of the p-adic framed braids and the p-adic Yokonuma-Hecke 
algebras constructed in [4j , by means of dense sub-structures approximating 
p-adic elements. We then construct a p-adic Markov trace on the p-adic 
Yokonuma-Hecke algebras, which arises naturally as the inverse limit of 
classical Markov traces constructed in [3], and we approximate the values 
of the p-adic trace on p-adic elements. 

Surprisingly, the traces in [3] do not normalize directly to yield isotopy 
invariants of oriented framed links. This leads to imposing the 'i?-condition' 
to the trace parameters. For solutions of the 'ii^-system' we then define 
C-valued isotopy invariants of oriented framed links, which lift to isotopy 
invariants of p-adic framed links. 

The Yokonuma-Hecke algebras have topological interpretations in the 
context of framed braids, of singular braids and of classical braids. 
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Introduction 

In |1] we constructed the p-adic framed braids, J-'poa^n, and the p-adic 
Yokonuma-Hecke algebras Ypoo The group Tpoo ^ is defined as the inverse 
hmit lim T^r ^ of modular framed braid groups, so a j9-adic framed braid may 
be viewed as a sequence of the same classical braid with framings of the cor- 
responding strands forming a p-adic integer. By certain group isomorphisms, 
a p-adic framed braid may also be viewed as a classical braid with framings 
p-adic integers or as a classical framed braid, but with infinite cablings replac- 
ing each strand and corresponding framings forming a p-adic integer. View 
Figured] for the different facets of a p-adic framed braid. In Tpoa ^ there are 
no modular relations and in the heart of Tpoo ^ lies a dense copy of the classical 
framed braid group 
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Figure 1 . The different facets of a p-adic framed braid 

Tlie classical Yokonuma-Hecke algebra Y^^niu), cf. [1^, is a quotient of tlie 
modular framed braid group J-'d^n over a quadratic relation, see (11.41) . involv- 
ing the framing generators ti in a subtle way, by means of certain weighted 
idempotents j, see (11. 3p . View Figures [3] and H] for some diagrammatic inter- 
pretations and also [4J for more. Setting d = 1 the algebra Yd,niu) coincides 
with the classical Iwahori-Hecke algebra. 

The p-adic Yokonuma-Hecke algebra Ypoo arises as the inverse limit 
of the algebras Ypr „('u). In Ypac „_[u) there are no modular relations. Yet, a 
similar quadratic relation holds also in Ypoo ^^u), see (11.141) . Moreover, the 
elements e^oo j (see I1.12[ ). lifts of the idempotents e^r j, are still idempotents in 
Ypoo n{u) but no more weighted sums. They are truly p-adic elements and they 
can be interpreted as infinite series, approximated by the elements e^r j. In the 
heart of Ypoo „('u) lies a dense subalgebra, quotient of JF„ (see Theorem [1]). 

Further, the first author constructed in [3] a linear Markov trace on the 
classical Yokonuma-Hecke algebra Yd^n{u)- In this paper we extend the con- 
struction to a p-adic Markov trace on the algebra Ypoc „^(u). It arises as the 
inverse limit of the traces in [3j, that depends on the parameter d. The p-adic 
trace takes values in the inverse limit of certain polynomial rings. We approxi- 
mate the trace of a p-adic element by constant sequences of polynomials. Note 
that, restricting to the dense subalgebras, the p-adic Markov trace defines a 
representation of classical framed braids. 

The Yokonuma-Hecke algebras are very versatile algebraic objects, in the 
sense that they can be used for completely different topological interpretations. 
They comprise the only examples we know of having this property. Indeed, 
apart from the framed braids, they are also related to classical and singular 
braids, as there is a monoid representation from the singular braid monoid 
algebra to Yd,niu) (not onto). Then, the traces in [3] are also Markov traces 
on the singular braid monoid. See [5] for details. 

From the topological point of view, closing a framed braid gives rise to an 
oriented framed link and closing a p-adic framed braid gives rise to an oriented 
p-adic framed link, view Figure [21 Further, closing a classical or a singular 
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braid gives rise to an oriented classical or singular link. So, the next consid- 
eration is to try to re-scale, if necessary, and normalize the traces in |3] and 
also the p-adic trace, in order to obtain isotopy invariants of oriented framed 
links or oriented classical and singular links, according to the corresponding 
Markov braid theorems. 

Trying to do this leads to imposing the 'i?-condition' on the trace param- 
eters. The traces in [3] are the only Markov traces we know of, which do not 
normalize directly to yield isotopy invariants of knots. In this paper we explain 
the 'ii^-condition' and we explore the corresponding 'E'-system'. Surprisingly, 
there are always non-trivial solutions of the i?-system in the set of complex 
numbers (see Appendix). Given now the i?-condition, we normalize the traces 
in [3] and the p-adic trace and we define isotopy invariants of oriented framed 
links. These invariants lift to a p-adic invariant of p-adic and classical framed 
links. 

Similarly, given the i?-condition, we defined in [5] invariants of oriented 
singular links, using the monoid representation from the singular braid monoid 
to the Yokonuma-Hecke algebra and the Markov braid theorem for singular 
braids. Analogously, in |[6j we defined invariants of classical oriented links. 



Figure 2. A p-adic framed braid and a p-adic framed link 

It is well-known that framed links can be used for constructing (closed, 
connected, oriented) 3-manifolds using topological surgery. Then two such 
manifolds are homeomorphic if and only if any two framed links in S"^ repre- 
senting them are related through isotopy and the Kirby moves, or the equiva- 
lent Fenn-Rourke moves [1]. So, isotopy invariants of framed links can be used 
(and have been used) for constructing topological invariants of 3-manifolds. 
One reason for extending the definition of the Yokonuma-Hecke algebras to 
the p-adic Yokonuma-Hecke algebra was that we wanted to keep the framing 
in Z, not modular, since in the main Kirby move the framings add up. 

This paper is a sequel to [4], but we tried to keep it self-contained. We 
first discuss dense subsets in our p-adic structures. We then use the dense 
substructures for finding in the group Tyoo ^ and in the algebras lim ^ CjF^r „^ 
and Ypoo ,i(m) approximations of p-adic elements by sequences of constant se- 
quences. Further, we use the approximations for interpreting a p-adic element 
as an infinite series. In [1] we also discussed approximations but here we really 




p-ADIC FRAMED BRAIDS II 



5 



expand on the subject. We also ignore here the identifications related to Fig- 
ure dl which we had to observe closely in [1] . Approximating p-adic elements 
is particularly useful for understanding deeper the j9-adic structures as well as 
for the purpose of p-adic trace computations. 

In the course of this study a number of interesting questions arose about 
the dense substructures. We answered some but many remain open for further 
investigation. Moreover, it is not known to us at this point of writing whether 
our invariants for framed links, constructed in this paper, or our invariants 
for classical links, constructed in [6], or our invariants for singular links, con- 
structed in fS], all deriving from the Yokonuma-Hecke algebras, are distinct 
from known ones. The Yokonuma-Hecke algebras have a rich structure and 
the p-adic Yokonuma-Hecke algebra has an even richer structure. The Markov 
trace on the algebra Yd^niu) depends on d indeterminates, but after imposing 
the ii^-condition we are left with only one indeterminate. We note that in 
the case of classical knots and links, a 'closed' cubic relation satisfied in the 
Yokonuma-Hecke algebra seems to be more appropriate, for details see [6]. 
It would be very interesting if our invariants would lead to new 3-manifold 
invariants and we hope that this new concept of p-adic framed braids and 
p-adic framed links that we propose will serve to such purposes. Finally, and 
beyond the above, we thank Sergei Chmutov for reminding us that our traces 
are more naturally adapted to the context of contact structures. 

The paper is organized as follows: In Section 1 we recall briefly our con- 
structions in P] of the p-adic framed braids and the p-adic Yokonuma-Hecke 
algebras, giving emphasis to the relations and the main properties in each 
structure. Results stated as lemmas or propositions are not contained in [Ij. 
For details and proofs of previous results we refer the reader to [1]. In Sec- 
tion 2 we discuss approximations of the various p-adic objects appearing in 
this work. In Section 3 we recall the Markov traces in |3] , we construct our p- 
adic Markov trace and we give some computations and approximations of the 
values of the p-adic trace. In Section 4 we give and discuss our i?-condition, 
which is needed for the normalization of the traces in [3]. Normalization of 
the traces yields an infinite family of oriented framed link invariants, which 
extends to an invariant for p-adic oriented framed links. These are all to be 
found in Section 5. We also give computations on concrete examples. 

We would like to thank Drossos Gintides and Johannes Grassberger for help- 
ing us find interesting solutions to the i?-system using mathematical software. 
Last, we are thankful to Paul Gerardin for computing the general solution of 
the i?-system. We present his elegant proof in the Appendix to this paper. 

1. Framed braids, quotient algebras and p-ADic objects 

1.1. Framed braid groups. The classical braid group on n strands, -B„, is gen- 
erated by the elementary braids Ui, . . . , cr„_i, where cxj is the positive crossing 
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between the ith and the + l)st strand, satisfying the well-known braid re- 
lations. On the other hand the group is generated by the 'elementary 
framings' (0, . . . , 0, 1, 0, . . . , 0) with 1 in the ith position. In the multiplicative 
notation an element a = (oi, . . . , a„) G Z" can be expressed as a = . . 
where ti, . . . ,tn are the standard multiplicative generators of Z". The framed 
braid group on n strands is then defined as: 

(1.1) ^„ = Z" X Bn 

where the action of i?„ on Z" is given by the permutation induced by a braid on 
the indices: cxjtj = to-i(j)0"i- A word w in JF„ has, thus, the 'splitting property', 
i.e. it splits into the 'framing' part and the 'braiding' part: w = t^^ . . .t^" a, 
where a G -B„. So w is a classical braid with an integer -its framing- attached 
to each strand. Especially, an element of is identified with a framed identity 
braid on n strands, while a classical braid in Bn is viewed as a framed braid 
with all framings 0. The multiplication in JF„ is defined by placing one braid 
on top of the other and collecting the total framing of each strand to the top. 
For a good treatment of the group J-'n see, for example, [7]. 

Further, for a positive integer d, the d-modular framed braid group on n 
strands, J-'d,ni is defined as the quotient of JF„ over the modular relations: 

(1.2) tf = l (z = l,...,n) 

Thus, Td,n = (Zi/dZ)" X Bn- Framed braids in J^d,n have framings modulo d. 

1.2. Yokonuma-Hecke algebras. Passing now to the group algebra CJ-'d,n, we 
have the following elements, which are idempotents. 

(1.3) e,,:=-5^0-- (z = l,...,n-l) 

m=0 

In fact Cd^i G C(Z/(iZ)". For a diagrammatic interpretation of Cd^i G CJ-'d^s 
view Figure [31 

000 ld-10 ld-20 d-110 




Figure 3. The element ed,i G CTd,3 

In the following we fix a m G C\{0, 1} and we correspond cTj to Qi. The 
Yokonuma-Hecke algebraY d,n{u) is defined as the quotient of the group algebra 
C^d,n over the ideal Id,n generated by the expressions 0"^^ — 1 — (m — 1) ed,i + 
(m — 1) ed,i <Ji, which give rise to the following quadratic relations: 

(1-4) gf = l + {u- 1) ed,i - (m - 1) ed,i gi 
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(see |1] for diagrammatic interpretations). Since the quadratic relation does 
not change the framing, we have (Z/dZ)" C Y(^„(m) and we keep the same 
notation for the elements of C(Z/(iZ)" in Yrf „('u). In particular we use the 
same notation for the elements e^^j in Ya^niu). The elements Qi are invertible 
(view Figure m for a diagrammatic interpretation): 

(1-5) g:[^ = g-i - - 1) ed,i + (u^^ - 1) ed,i gi 



000000 000 1 d-1 2 d-2 d-1 1 





+ 




+ 




+ 




Figure 4. The element g^ ^ e Yd,3{u) 



From the above, a presentation of Y^^ „(m) is given by the generators ti, 
gi, . ■ ■ ,gn-i, satisfying: the braid relations and the quadratic relations (11 ■4p 
for the (/j's, the modular relations (ll.2p and commuting relations for the tj's, 
together with the mixed relations below, according to (II .ip : 



giU 

giU+i 
gitj 



ti+igi 
Ugi 

tjgi for j =^i,i + l 



Note that, omitting the quadratic relations (11.40 . we have a presentation for 

i,n- 

Remark 1. There is an epimorphism of the Yokonuma-Hecke Yd,n{u) onto 
the Iwahori-Hecke algebra H„(g) via the map 



(1-g 



where Tj are the standard generators of H„(g). Further, for c? = 1 we have all 
tj = 1 and Yi_„(m) coincides with the algebra H„(m). Of course, the mapping 
gi ^— s> + 1) and tj i-^ 1 defines an epimorphism of Yrf_„(l) onto the group 
algebra of the symmetric group. 
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In Yd,n{u) the following relations hold (see Lemma 4, Proposition 5|4j): 

(^d,j(^d,i (^d,i(^d,j 

(1.6) gjed,i = Cd^iQj for j 7^ i - 1,2 + 1 

gi-i^d,i = ^d,i~i,i+igi-i and ed,igi-i = gi~ied,i~i,i+i 
gi+i^d,! = ^d,i,i+2gi+i and ed,igi+i = gi+ied,i,i+2 

where, ed,i,k = 2Y.i<s<d^iK'' ^^^^ ^' ^ '^itli ^ 7^ ^, abbreviating ed,i,i+i to 
Crf j. Note that, using (11 .Sp . relations (II .Op are also valid if all (^^'s are replaced 
by their inverses g^^. Clearly ed,i,k = ed^i and e\^ ,. = ed,i,k- Moreover, the 
following relations hold in Yd,n{u), and can be easily deduced by induction. 

Lemma 1. Let m G Z, A; G N. We have: 

(1) For m positive, define am = {u — I) Yl'i=o ""^^ if m = 2k and (3m = 
u{u — 1) '^iZq v?^ if m = 2k + 1 . Then: 

m ^ f 1 + ttm ed,i - am Cd^i gi if m = 2k 
\ gi- Pm ed,i + (3m ed,igi if m = 2k + l 

(2) For m negative, define a'^ = u^^{u^^ — 1) Ym=o if m = —2k and 
(3'^ = (m-1 - 1) ^f-gi ifm = -2k + l. Then: 

m ^ f 1 + «m - Ol'm (^d,i gi if ITL = -2k 

\ gi- P'm (^d,i + (3m ed,igi if m = -2k + 1 

1.3. Inverse limits and the p-adic integers. Our references for inverse limits 
are mainly [8] and [9]. 

An inverse system (Xj, 0*) of topological spaces indexed by a directed set /, 
consists of a family (Xj ; z G /) of topological spaces (groups, rings, algebras, 
et cetera) and a family (0* : Xj — > Xj ; i,j E I, i > j) of continuous 
homomorphisms, such that 

0- = idxi and (f)^ o 0* = 0^ whenever i > j > k 

The maps 0* are also called connecting homomorphisms. If no other topology 
is specified on the sets Xj they are regarded as topological spaces with the 
discrete topology. In particular, finite sets are compact Hausdorff spaces. The 
inverse limit limXj of the inverse system (Xj, 0*) is defined as: 

limXj := {z G JJ^-^i {4>) ° '^i){z) = '^j{z) whenever j > i} 

where the map zui denotes the natural projection of Y[ ^i onto Xj. Recall that, 
if Xj = X for all i and 0*- is the identity for all i,j then limX can be identified 
naturally with X (identifying a constant sequence {x,x, . . .) with x G X). 
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Notation. In the following we fix a prime number p and we denote by N the 
set of positive integers regarded as a directed set with the usual order. Finally, 
for r > s we denote ■j?^ the natural epimorphism: 

^l: Z/p^Z Z/p^Z 
^ ' ' m ^ m (modp*) 

We denote Cr — {U ; if = 1) = Z/p'^Z, the cychc group of order p^ in 
the multiplicative notation. For r > s we denote 9^ the following natural 
connecting epimorphism, 

Thus we obtain an inverse system of groups (C,., ^^), whose inverse limit is the 
group of p-adic integers Zp, 

Zp :— limCr. 
The group Zp can be regarded as: 

Zp = {t^ := (C • ■ •) e J]^ Cj ; e Z, = (modp^) whenever r > s}. 
Notice that the multiplication in Zp is then defined as: 

In Zp the 'integers' are the sequences of the form (oi, . . . , Oj-i, Oj, a^, ■ ■ ■) — 

{ai,ai, . . .), which after some point are constant. The element t := (ti, t2, • • •) ^ 
Zp corresponds to (1,1,...) in the additive notation, so it generates in Zp a 
copy of Z and we can write Z = (t). 

We shall introduce now the notion of reduced from. 

Definition 1. An element a_ = (ai, a2, . . .) G Zp is said to be in reduced form 
if each entry G Z/p^'Z is expressed in its unique p-adic expansion: 

ttr = ko + kip + k2p^ H h K-ip"^^ + p''Z 

where k^, . . . , kj—i G {0, 1, . . . ,p — 1}. In the multiplicative notation it means 
that the exponents arc in the above reduced form. 

1.4. p-adic framed braids. Consider now the group C". Let us define tr,i G 
as, 

ir,i • (ij-'-jlj^rjlj-'-jl) 

with tr in the ith position. Then we have 

Cj, — {tr,li tr,2i ■ ■ ■ 1 tr,n i ^r,i — ^i ^r,itr,j — tr,jtr,i for all i, j) 
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(notice that C" = {Tj/p^Tj)^ .) By componentwise multiplication, the epimor- 
phism (11.71) defines the connecting epimorphism: 



^T,i ^ ''s,i 

for all r > s. Extending to the i?„-part by the identity map gives rise to the 
connecting epimorphism: 

71 g • id . J~ .n ^ -F o'',n 

(1.9) CTi ^ (Ti 



^ t 



s,i 



In [1] we defined the p-adic framed braid group on n strands J-'p 

J^poo^n ■= limj^pr „ = lim(C;' x 5„) 

So, a p-adic framed braid is an infinite sequence of modular framed braids with 
the same braiding part and such that the framings of the ith strand in each 
element of the sequence give rise to a p-adic integer. View Figure [H Elements 
of JFpoo „ are denoted (3 . We recall now from Proposition 4 in [1] that there 

are group isomorphisms: 

(1.10) ^poo,, ^ Z; X 5„ ^ (limC,") X 5„ 

The n-tuples of constant sequences form the subgroup Z" = (ti, . . . , t„), where 
tj := (1, . . . , 1, t, 1, . . . , 1) with t in the zth position. Note that the element 
1 := (!,...,!) corresponds to the identity framed braid with all framings 
zero. Of course, := {ai,ai, . . .) in the first isomorphism and tj G Z C 
gets identified with (tr,i)r G Ihj^ C*" in the second isomorphism. 

In view of the first isomorphism, a p-adic framed braid splits into the 'p- 

ai an 

adic framing' part and the 'braiding' part: . . . t^T o", that is, to each strand 
of the braid a G Bn we attach a p-adic integer (see Figured]), p-adic framed 
braids are multiplied by concatenating their braiding parts and collecting the 
total p-adic framing of each strand to the top: 

ai a„ bi bn fn.+ba(,i) 

(t]" . . . t;r cr) (t^" . . .t^ t) := ' . . . t„ ' ar 

Finally, isomorphisms fll.lUp imply that a p-adic framed braid can be inter- 
preted as a classical braid with framings p-adic integers or as a classical braid, 
but with infinite cablings replacing each strand, such that the framings of each 
infinite cable form a p-adic integer. View Figure [1] for the different facets of 
a p-adic framed braid. In the sequel we shall not distinguish between the 
isomorphic forms of Tpoo ^ neither between the different interpretations of cor- 
responding elements in them. 
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1.5. The p-adic Yokonuma-Hecke algebra. For all r > s the linear extension 
of the map (11.91) yields a connecting algebra epimorphism: 

(1.11) Lfl: CTpr^n ^ CJ^p^n 

Now, passing to the quotient to the algebras, we obtain the following connect- 
ing algebra epimorphism 

01 : Ypr^n{u) — > Yps^n{u) 

(cf. |1] for details of the construction of 0^). So we obtain the inverse system 
(Ypr- „(m), 0^). In [1] we defined the p-adic Yokonuma-Hecke algebra Ypoo n{u) 
as: 

Yp^^n{u) := limYpr,„(M). 

reN 

Definition 2. We shall say that an element in J-'pr^n is in (its unique) reduced 
form if its modular framings are reduced in the sense described in Definition^ 
Then, by the linear extension, an element in CC" or in CJ-'pr^n has a (unique) 
reduced form. Further, an element y + Ipr^n in Y^r „(u) is in reduced form if the 
element y G CjFp,- „ is written in its (unique) reduced form. 

Definition 3. An element (3 = {Pi, /?2, • • •) ^ ^p°°,n is said to be in its (unique) 
reduced form if every entry jSr € J-'pr^n is reduced. In view of the first isomor- 

ai a„ 

phism in f ll.lOp . we may also say that /3 = . . . a is in reduced form if 
its p-adic framings reduced in the sense of Definition [H Fur- 

ther, by the linear expansion on J-'oo,n, an element in CjFpoo „ has a (unique) 
reduced form. An element in lim CC", in lim CjFpr „ or in Ypoo „(u) is said to 
be in reduced form if every entry is reduced in CC", in CJ-'pr^n or in Ypr „(m) 
respectively. 

Note that, by construction: lim ^ CC" C lim ^ CjF^r „ and lim^ CC" C Ypoc „(m). 

Remark 2. In JFpoo „ as well as in CjFpoc „, in lim CjFpr „ and in Ypoo „(m) there 
are no modular relations. 

1.6. The elements Cpoo j. We define now the elements 

(1.12) Cp°o,i ■ (^p,i; j, . . .) 

where 

1 ^'"^ 

(1.13) Cpr, = -J2 ^r,trT+l e C C^p.,„ 

^ m=0 

Lemma 2. epoo j G lim CC" C lim CTpr^n o-nd epoa^^ g Y^oo „(«) for i = 
l,...,n-l. 
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Proof. We shall show the coherency of the terms in Cpoo j, that is ipKcpr^i) = Cps^i 
(r > s). Note first that by the maps (11.111) and (11.91) : 

r f j.m j.—m \ rfA.mA.—m \ A.m A.—m 

r's\''r,i''r,i+l) ~ ^ s\''r,i''r,i+l) ~ ''s,j''s,i+l 

But, by (ll.lSp . j has terms with linear coefficients ^ and j has 
terms with linear coefficients Yet, 

p . — I j.mj.-m _|_ \ ^ j.my.-m _i_ . . . _i_ \^ y.my.-m 

\m=0 m=p" m=p^ —p" 

The element in CC^ in each of the p''~^ sums is equal to Cps^i in CC", so 
y3^(epr j) = Cps^i. Moreover, from the first part and from the definition of the 
Yokonuma-Hecke algebra it follows immediately that 0^(epr j) = Cps^j. Thus 
Cp°°,i G Ypoo^(ti). EH 

The elements Cpoo j are no more averaged sums but they are still idempotents. 
Further, setting by construction gi := {gi,gi, . . .) and 1 := (1, 1, . . .) we have 
in Ypoo the braid relations for the gi^s and the relations: 

(1.14) g"^ = l + (u- l)epoo^i -{u- l)epoo j^ij 
and 

5(^1 = gi - {u^^ - 1) Cpoo^j + (m"1 - 1) Cpoo^j gi 

Moreover, for powers of gi relations analogous to the ones in Lemma [1] are 
valid in Ypoo ,^(m), after replacing ed,i by Cpoo j. Finally, using the elements ed,i,k 
in (11.61) . we can define for i = 1, . . . , n — 1 and k ^ i the elements: 

(1.15) Cpc^^i^k ■= (ep,i,fc, ep2_i_fc, . . .) G hm CC" C limCJ^pr ^j 

abbreviating epoo j j+i to Cpoo j. Clearly, epoo ^ ^ = Cpoo ^ j and Cpoo ij^ = epoo i ^. 
These elements satisfy the following relations, cf. Lemma 7 in [1] and Propo- 
sition 10 in ^: 

gjCpoo i = Cpooigj for j 7^ i — 1,2 + 1 

gi-i^p°°,i = Gpoc i^i i^igi_i and Cpoo = gi^iCi^i^i^i 

9i+l^p°°,i = ^p°° ,1,1+291+1 and Gp°°,igi+1 = gi+lGp°° ,i,i+2 

Relations (I1.16P are also valid if all gkS are replaced by their inverses g^^. 

1.7. Comparing algebras. It is worth stressing at this point that, despite the 
definition J-poo „ = lim^jFpr „, the algebras CjFpoo „ and lim ^ CjF^r „ are not 
isomorphic. Before stating our result let us take a closer look at the two 
algebras. CjFpoo „ consists in all finite linear expressions of the form 

Ai 6 1 + . . . + Afc 6 fc 
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where A; G N, Ai, . . . , G C and ^i, . . . , b_k G J?j,°o,n- On the other hand, el- 
ements in lim CjF^r „ are coherent sequences of elements in the group algebras 
CJ-'pr^n in the sense of the map (11. 111) . That is, given elements Pi, . . . , Pk G J-'pr^n 
and Ci, . . . , Cfc G C then 

ipliciPi + ... + cM = ci « ■ id)(A) + . . . + Cfc « ■ id){Pk) e C^p.,„ 

By construction of the map ipl it appears as though all positions of a p-adic 
element in lim^ CJ-'pr „ have the same number of coherent monomials with 
the same coefficients. This form of a p-adic element is always possible by 
construction, but it may be hidden, since the linear coefficients may allow for 
various manipulations. To appreciate this subtlety in the form of elements in 
lim^ CJ^pr n consider, as typical example, the elements Cpoo j defined in (11.121) . 

On the level of p-adic braids, J?>oo,n can be regarded naturally in lim^ CjF^r „. 
So, we obtain a natural linear map 

f ^^poc — ^ lim ^^pT Yi 

Let us see how exactly the map / works. Consider Ai,...,Afc G C and 
6 1, ... , h k different elements in Tpoo n, where h i = {bri)r with bri G J-'pr^n- 
Then ^ ^ 

Ai^i + . . . + \kb_k G CJF ,j 

Ai(feii, ^21, ...) + ... + Afc(6ifc, h2k, ■ ■ ■) 
if 

(A1611, A1621, ...) + ... + (Afcfoifc, Xkb2k, ■ ■ •) 
(A1611 + . . . + Xkbik, A1621 + • • • + Xkb2k, ■■■) ^ limCJ^pr^^ 

r 

By construction, / is constant on J-'poc ^, so f{b_) = b_. Also, by linearity, the 
image of / is generated by all f{b_) where b_ G J^p°°^n- 

Lemma 3. Cpoo j ^ /(CjFpoo „). 

Proof. Suppose that Cpoo j g /(CjFpoo^^). Then, from the above, Cpoo j = aib_i + 
. . . + akb_k for some ai, . . . , Ofc G C and ^1, . . . , b_k as above. Then, by the 
structure of lim CJ^pr^n as linear space, we have in lim CjFp,- „ the equality: 

(ep,i, ep2^i, ...) = {aibn + . . . + afcfeife, 01621 + • • • + akb2k, ■ ■ •) 
Equivalently, in each CJ-'pr^n, r = 1, 2, ... we have the equality: 

p'' k 

(1.17) ECA:m = Ep^«i-^n 

m=l j=l 
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Since 61,..., b k are different in J-'p'^^n there must exist some s G N such 
that bsi, . . . ,bsk are different elements in „ and this is then true for any 
r > s. So, there exists some r > s such that k < p^. But then fll.l7p states 
equahty of two hnear expressions of hnearly independent elements in CjF^r „. 
Since k < p^, all coefficients p^aj must be equal to 1. Subtracting we obtain a 
summation of terms t^jt^I+i equal to zero, contradiction since they are linearly 
independent. Therefore Cpoo j ^ f{C^p°°,n)- D 

Corollary 1. Cpoo j ^ CJ-'poo ^. 

Proof. Suppose Cpoo j e CJ-'po^^n- Then e^oo j = aib_i + . . . + akb_k for some 
ai,...,afc G C and as above. But then /(cpooj) = Cpooj, not 

possible by Lemma [31 Hence Cpoo j ^ CjFpoc „. □ 

Proposition 1. The linear map f is injective but not surjective. Hence, 
CjFpoo „ = /(CjFpoo „) and so the algebra CJ-'poo^^ can be regarded as a proper 
subalgebra of lim^ CjFpr_„. 

Proof. We will show that / is injective. With the above notations let 

f{Xib_, + ... + Xk^k) = (0,0,...) 

Equivalently, Xibri + . . . + Xkbrk = in CJ-'pr^n for all r = 1,2, . . .. As in 
the proof of Lemma [3l since 61,..., b k are different in JF^oo „ there must 
exist some r G N such that bri, ■ ■ ■ , brk are different elements in J-'pr^n- Hence 
they are linearly independent in CjF^r^, hence Ai = . . . = = 0. Therefore 
Ker/ = {0_} and so / is injective. 

The fact that that / is not surjective follows immediately from Lemmas [2] 
andEl since Cpoo j g lim ^ CjF^r „ but Cpoo ^ ^ /(CjFpoo „). □ 

2. Dense subsets and approximations of p-ADic elements 

2.1. A general lemma. Our method for finding dense subsets in our p-adic 
structures is by means of the following known result. 

Lemma 4. (cf. [8], Lemma 1.1.7.) Let pi denote the restriction of the canon- 
ical projection o/limXj onto Xi on a subset A C limXj. Recall that lim A 
can be identified with A. If pi{A) = Xi for all i E I, then p(limy4) is dense in 
limXj, where p = limpj : limA — > limXj, the induced mapping. 

Definition 4. (cf. [8J § 2.4) Let Gi be a group (ring, algebra, et cetera) for 
all 2 G /. A subset S C limGj is a set of topological generators of limGj if 
the span (S) is dense in limGj. If, moreover, S is finite, limGj is said to be 
finitely generated. 

Our method for finding approximating sequences of p-adic elements is by 
strict inclusions of open neighborhoods. As a topological space, Yl is en- 
dowed with the product topology, so \imXi inherits the induced topology. It 
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can be then verified that limXj is closed in A basis of open sets in 

lim Xi contains elements of the form 

rori(f/i) n limXi 

where Ui open in Xj. Then, any open set in limXj is a union of sets of the 
form 

^h\Ui) n . . . n zu:r^\Un) n limXj 

where zi, . . . , z„ G / and Ur open in Xj^ for each r. (Compare with [8], p. 7.) 

2.2. Approximations in Zp. Since Z projects onto each factor Z/p^'Z, by LemmaHJ 
the image of Z under the induced map on the inverse limits is dense in Zp. 
Now lim Z = Z and the induced map acts on an element {x,x, . . .) G Z by 
sending x to x (modp*") G Z/p''Z for every r. But, after some point x will be 
unchanged by the modulus, so {x (modp), x (modp^), . . .) = {x,x, . . .). There- 
fore, the image of Z under the induced map on the inverse limits is Z, and Z 
is dense in Zp. 

Now Z = (t), so t is a topological generator of Zp. Thus, an element 
t*^ = ^2^ • • •) ill is approximated by constant sequences, which are 
identified with integers. We shall explain how to find such an approximating 
sequence for a p-adic integer, in order to draw the strategy for the larger p-adic 
structures we are dealing with. 

The inherited topology of Zp builds up from the discrete topology of each 
factor Z/p'"Z. Thus, a basic open set U in Zp is of the form U = zu~^{Ui) ; Ui C 
Z/p*Z. For Ui not a singleton, w~^{Ui) = U„g;7-Z<7~^ ({«}). 

Recall now Definition [H It is then easy to verify the lemma below. 

Lemma 5. Let = {ai, 02, CI3, . . .) & in reduced form and let Ui C Z/p^Z. 
Then a^EU = w^^{Ui) if and only if ai G f/j. Hence, a basic open neighbor- 
hood of a in "Lp is of the form U = 'cu^'^{{ai}) for some i. Moreover, we have 
a nested sequence of neighborhoods with strict inclusions: 

toi\{a,}) ^ w,\{a2}) D ■ ■ ■ . 

By the strict inclusions of neighborhoods, the sequence of constant sequences 
{{ak))keN in ^ approximates a_ & Zp and we write a_ = limfc(aA;) or, in the 
multiplicative notation: 

= limt"'= 

k 

Indeed, subtracting each constant sequence successively from the differences 
tend to the zero sequence: 

(01,02,03, ...)- (ai,ai,ai, .. .) = (0,02-01,03-01,...) 
(01,02,03, ...)- (02,02,02, .. .) = (0,0,03-02,...) 
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In this sense the element can be viewed as the infinite power series: 

oo 

a_ = krP^ where kr E {0,1, ... ,p — 1} 

r=0 

In order to draw a general scheme for finding approximating sequences to 
p-adic elements we shall introduce the operations truncation and expansion 
for entries of p-adic integers. Let a = (oi, a2, . . .) G Zp in reduced form. For 
any indices r, s with r > s we define the s-truncation of ar as the element 

ars = ko + kip + --- + ks-ip'~^ + G Z//Z 

Note that 9l{ars) = cis, that is, the elements a^s and are coherent via the 
map 11.81 

Similarly, for r < s, we define the r -expansion of as the element 

a^^ = ko + kip-\ h K-ip""^ + p'Z G Z/p'Z 

Note that a^r = as(modp*), so 9^g{ar) = agr. In the multiplicative notation 
t""" is substituted by t^'' in the first case and t"" is substituted by t^'' in the 
second case. The fact that is in reduced form ensures that truncations and 
expansions of its entries are well-defined. 

In this terminology, the constant sequences (a^) approximating a are found 
from a by truncating each term after with respect to and expanding 
each term before with respect to Ofc. 

2.3. Approximations in J-'poc ^ and CJ-'poo^^- Applying the canonical epimor- 
phism (11.71) componentwise yields a canonical epimorphism of Z" on each factor 
C". So, by LemmaHl Z" is dense in Z^. Then, for example, for a_ = (oi, 02, . . .) 
and b_ = {bi, 62, . . .) G Zp in reduced form, the element {a^, b_) G Z^ is approx- 
imated by the sequence ((0^, bk))k£N of constant sequences, that is, with terms 
in the dense subgroup Z^. In multiplicative notation: (t<^,t<^) = t^t^ G Z^ 
is approximated by the sequence ((t"*^, t^'=))fe6N = ((ti*t2*))fcgN with terms in 

Z2. 

Further, we extend the projection of Z" on each factor by the identity 
map on Bn. So, we obtain an epimorphism of the classical framed braid group 
jF„ = Z" X Bn on each factor Tpr ^. Hence, by Lemma HJ Tn is dense in Tp^^n- 
The set {ti, . . . , ti, ai, . . . , is a set of topological generators for Tpoo ^ 

satisfying relations similar to the relations of Tn- Moreover, for = [ari)r in 

a\ an 

reduced form, an element (5 = . . . t^T o G Tp^^n has the approximation: 

/3 = lim(ti'=^ . . . t^'=" a) 



An example is illustrated in Figure 5. 
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Figure 5. Approximating a p-adic braid by classical braids 



Passing to algebras, for an element in CjFpoo „ in reduced form (recall Def- 
inition [3]) it is easy to find an approximating sequence with elements in the 
dense algebra CJF„. Indeed, we simply extend linearly the approximations of 
its monomials in J^poo ^, as described above. Note that, by construction, the 
p-adic element may always be written in the form where the linear combi- 
nations in each place have the same number of coherent monomials with the 
same coefficients. 

We would like now to find approximating sequences for elements in lim CC^, 
in lim^ CjFpr „ and in Ypoo „(-u). The tactics used for CJ-'poo^^, that is approx- 
imating each monomial, cannot be applied here for purely p-adic elements 
(such as Cpoo j) since they cannot be written in the form where the linear com- 
binations in each place have the same number of coherent terms with the same 
coefficients. So, finding an approximating sequence for purely p-adic elements 
is more tricky. In any case, we need first to find dense subalgebras of constant 
elements, in which the approximating terms should live. 

2.4. Dense subsets in the p-adic algebras. Extending linearly the epimorphism 
of J-'n on each factor JFpr „ defines an epimorphism rir of the algebra CJF„ 
on the algebra CTpr^n- Moreover, the map 7]r composed with the canonical 
epimorphism pr defines an epimorphism pr of CjF„ on the algebra Y^r „(u): 



(2.1) 



Vr 



Pr 



t 



P' 

■dl{m) 



Ypr „(m) 
9i 

Mm) 



Define further r} := lim ?7r,p := lim pr and p := lim pr, the corresponding 
induced maps on the inverse limits of the maps (12. ip : 



(2.2) 



lim CJF. 



p 



(2.3) 



p : limCjFj 



P' ,n 



Ypoon{u) 



and 
(2.4) 



p : CJ- n Ypoo „(m) 
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Recall that lim CJF„ = CJF^. One can easily check that r]{cri) = ctj and 
ri{tj) = tj, so rj is an injection. Also, that fi = p o rj. Moreover, by the 
construction of the maps (12. ip and (12. 4p we have that /i(crj) = Qi and /i(tj) = tj. 
Below, in Proposition [21 we also show that p is a surjection. 
From (I2.ip - (l2.4p we have the following theorem. 

Theorem 1. (1) The algebra is dense in CJ-'poo^^- 

(2) The algebra CJ^n is dense in lim^C^pr „. 

(3) The set X = {1, ti, . . . , t„, di, . . . , cr„_i} is a set of topological genera- 
tors for the algebras CJ-'poo^^ and lim CjF^r „. Together with the braid 
relations for the ai 's, the commuting relations for the tj 's and the re- 
lations: 

cxjti = tj+i(Ti, aiU+i = tjO-j and aitj = tjai for j ^ i,i + l 

they furnish a topological presentation for CJ-'poo ^ and lim CjFpr „. 

(4) The algebra fi{CJ-'n) is dense in Ypoo ^iu). Moreover, the set: 

-D = {1, ti, . . . , t„, . . . , gn-i} 

is a set of topological generators for the algebraYpoo n{u) , satisfying the 
analogous relations of (Hi) in /i(CjF„). 

(5) The relations tjCi = Citj are valid in lim CJ-'pr^^ o-nd in Ypoo but 



not in the dense subalgebras. Similarly for the quadratic relations jl-l^]) 



in Ypoc |^('?xj. 

Proof. Since J-'n is dense in JFpoo „, claim (i) follows by linear extension. Claim 
(ii) is an application of the surjections (12. ip . Lemma H] and of the following 
observation: after some point the image of the exponent m in (12. ip will not 
change in each position, so ri{CJ-'n) = CJ-'n, where rj the map (12. 2p . 

It follows now from (ii) that the set X is a set of topological generators, 
satisfying the listed relations, cf. also Theorem 3[1]. Moreover, by the standard 
presentation of the classical framed braid group JF„ (recall (II. ip ). the relations 
given in claim (iii) are the only ones satisfied in the set X. 

The fact that /i(CjF„) is dense in Ypoo „(m) is clear by a direct application 
of the surjections (12. ip and Lemma HI Further, fi(tj) = tj and /i(o"j) = So, 
claim (iv) follows. 

Finally, claim (v) follows from claims (iii) and (iv), from Corollary [1] and 
from the fact that /i(epoo j) = Cpoo j. □ 

Focusing now a little more on Ypoo „(u), an apparently dense subset in 
Ypoo n{u), discussed in [3], comes from the following construction. For any 
r we have the following exact sequence: 

(2.5) — ^ CTpr^n ^ Ypr^„(M) > 
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where /pr^ is the ideal generated by the hnear expression related to fll.4p . This 
induces the exact sequence: 

> lim Ipr ^ — - — > lim CjFpr „ — - — > Ypoo „(-u) 

where t := lim Lr and p := lim p,.. Hence, and since lim J^r „ is an ideal in 
lim CJ-'pr^n, we have: 



lim^ CJ^p^n 
lim Jpr „ 



p( lim CJ^pr^n) 



At the writing of [4J it was not clear whether the map p is a surjection or not. 
Yet, by application of Lemma H] we could derive the result that p( lim ^ CjF^r „) 
is dense in Y 

We are now in a position to prove surjection for p. Before that we need to 
recall the following definition. An inverse system X = (Xj, 0*) indexed by N is 
said to satisfy the ML-condition (Mittag-Leffler condition) if for any index m 
there exists n > m such that for all n' > n we have Im(0J^) = Im(0J^). Notice 
that if all 0* are surjective then X satisfies the ML-condition. 

lim CJF„r „ 

Proposition 2. p(lim CjFpr „) = Ypoo ^iu) . Hence Y 



lim /pr „ 



Proof. The exact sequence (12. 5p induces the following exact sequence of inverse 
systems. 

Now, by Lemma 6[4J, y9^(/pr „) = Ips ^, hence the inverse system (/pr „,y9^) 
satisfies the ML-condition. Then, by a well-known result of Grothendieck the 
following exact sequence is induced: 



> liiB^V,™ ' ^im^ CTy-^n ^ Ypoc_„(u) > 

Hence p is surjection. □ 

We shall now recapitulate what we know and what we don't know about our 
p-adic objects, by means of a concise diagram. For that we need to introduce 
two more intermediate structures. 

Definition 5. We define the dense subalgebra CJF„ of lim CjFpr „ as the ex- 
tension of the subalgebra CJF„ by the elements ei, . . . , e„_i. We also define the 
dense subalgebra Yn{u) of Ypoo as the extension of Y„('u) := /i(CjF„) by 
the elements ei, . . . , e„_i. 

Clearly CJF„ is a proper subset of lim ^ CjFpr „. For example, CJF„ does not 

contain the p-adic integers. By the same reason Y„(m) is also a strict subset 
of Ypoo Moreover, denoting Jl the restriction of p on CJF„ we have that 
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/i(CjF„) = Y„(m), since /i(epoo j) = Cpoo ^. Further, the quadratic relations (11.14P 

are vahd in Yn{u) and, by construction, Y„(n) is the smallest subalgebra of 
Ypoo which is closed under the quadratic relations fll.l4p . 

The relations in claim (iv) of Theorem[T]together with the quadratic relations 
fll.Mp form then a complete set of relations for Y„(u). Thus, Y„(m) can be 
viewed as the quotient: 

Yju) = 

{gf - 1 - (m - l)epoo^i + (m - l)epoo^igi) 

and so, Ypoo n{u) can be regarded as a topological deformation of the above 
quotient algebra. 



r)=L 



limj^pr_„ 



With our dense subalgebras in hand, we shall next discuss an approximation 
for the elements Cpoo ^ before going to the general case of approximating purely 
p-adic elements. 

2.5. Approximating Cpoo^j. Recall from (I1.13P that an entry Cpr j of the element 
Gp°°,i = (ep,j, ep2 j, . . .) G lim ^ CC" C lim ^ CJ-'^r ^ has terms with linear 
coefficients ^ and this is in reduced form, according to Definition [31 We are 
looking for an approximating sequence for Cpoo j, consisting of constant terms. 
Recall from the proof of Lemma [2] that Cpr j can be arranged in the form: 
(2.6) 

\m=0 m=p'' m=p^' —p" 

of p''"* packets, each of which projects on Cps^j by the coherency map cpl {r > s). 
We shall define the first packet as the s-truncation of Cpr j. On the other hand, 
in order to make the linear expression for Cps , agree formally with that for Cpr j, 
we rewrite Cps j as a sum of totally p^ terms, arranged in p'""^ packets, each of 
which is equal to Cps f. 
(2.7) 

\m=0 m=p'^ m=p^—p'' 
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We shall define this as the r-expansion of Cps^i. 

Definition 6. For any indices r, s with r > s we define the element Cr,s,i 
in CC" C CjFpr „ as the formal expression of Cps^,, but with the generators 
ts,i,tsi+i replaced by the generators tr,i,^ri+i- That is: 



1 

^ rn=0 

The element (r,s,i is called the s-truncation of epr ^. Note that (r,r,i = Gp'-,i- 
Clearly, the elements (r,s,i and j are coherent: ^l{Cr,s,i) = ^p",!- In fact, (r,s,i 
'wraps' only once on Cps^j via the map (p^. 

Further, we define the element (s,r,i in CC" C CJ-'ps^n as the formal ex- 
pression of Cpr j, but with the generators tr^i,tr^i+i replaced by the generators 
ts,iits,i+i- That is: 



p^^i 

/■ — \^ .m.-m a (TT 



P 



The element (s,r,i is called the r-expansion of Cps^i. Clearly, Cs 



,r,« ^p 



We define now the element Gpr j by r-truncating each term 111 6t)Oo a after the 
rth position and by r-expanding each term before the rth position. That is. 



p 1* 



(Cl,r,j) C2,r,i) • • • ; Cr— l,r,i; ^p"^ Cr+l,r,ii Cr+2,r,i) ■ ■ ■) 



Proposition 3. For any index r the element Spr ^ is a constant sequence in 
lim CC^ C lim CjF^r „. More precisely: 



1 1 

f' \ j.m j.—m, \ \ ^ ±.m±.~m ^ (P -T 

m=0 m=0 

Moreover, we have the approximation: 



Gp°°,i — lini Gpr j 

r 

In the above sense Cpoo j can be viewed as an infinite series: 

oo 

Cpoo i = ^ ^ ^p^ ^ lim ^^pT ji 

r=0 r 

Proof. By Definition [7] the sequence e^r j is coherent, so e^r ^ e lim ^ CC" C 
lim^ CJ-'pr Moreover, all terms in epr ^ have the same formal expression, that 
of Cpr j, so Bpr j is the constant sequence given in the statement. Finally, recall 
from fll.lOp that (tr,i)r = tj G Z^. So, separating terms in e^r j we obtain: 

_|_ \ ^ ( +^ A ( f—m \ \ ^ ±.m±.—m 

~ n"" ^ ^ ' ' ' ^^'*+^' ■ ■ ~ « «+i 

m,=0 m=0 
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Subtracting, now, from Cpcx) j each element of the sequence (epr j)^ successively, 
we obtain: 

(Cp,i; Cp2 j, CpS^j, . . .) (^p,i) C2,l,i? CSjlji) • • •) (0) ^p^/i C2,l,i; 6p3 j C3,l,i; • • •) 

(ep,j, ep2^j, Cps^j, . . .) — (Ci,2,j, ep2^j, (3^2,1, ■ • •) = (O5 5 ~ C3,2,i, • • •) 



showing the approximation of (Cpr j)^ to Cpoo j. □ 

2.6. Approximating purely p-adic elements. The approximation of Cpoo j indi- 
cates the method for approximating purely p-adic elements in lim^CC", in 
lim^CjFpr „ and in Ypoo n{u). Indeed, we give first the following definition: 

Definition 7. Let y = {yi, y2, . . .) an element in lim ^ CTpr^n resp. in Ypoo 

in reduced form according to Definition [31 For any indices r, s with r > s we 
define the element yr^s in CJ^pr ^ resp. Y^r as the formal expression of 
ys, but with the generators ts,i replaced by the generators for all i. The 
element yr,s is called the s-truncation ofyr- 

Further, we define the element ys,r in CJ-'ps^n resp. Yps ^iu) as the formal 
expression of yr, but with the generators t^^i replaced by the generators tg^i, for 
all i. The element ys^r is called the r -expansion of yg. 

Note that, either way, y^.r = yr- We define now the element y,- by r- 
truncating each term in y after the rth position and by r-expanding each 

term before the rth position. That is, 

Yr = (l/l,r, l/2,r, Ur-, Z/r+l,r; Z/r+2,r; • • •) 

Theorem 2. For any index r the element yr is a constant sequence in lim CjF„ : 
CJ-'n resp. in /x(CjF„). Moreover we have the approximation: 

(2.8) ^ = l™y. 

In this sense, x_ can be viewed as an infinite series: 

00 

r=0 

Proof. Since now (fKyr) = ys it must be also true, by construction, that 
'^l{yr,s) = ys, that is, the elements yr,s and ys are coherent. In fact, yr,s 
'wraps' only once on ys via the map (fl- Moreover, since (fHyr) = ys it must 
be also true, by construction, that (pl{yr) = ys,r, so ys,r = ys- Completely 
analogous thoughts for (pl in place of ip^. The element y,. is by construction a 
constant sequence. To see now that these constant sequences approximate y 

we subtract them successively from y and we confirm that the zero-sequence 

is gradually forming. □ 
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3. A TOPOLOGICAL MARKOV TRACE 



In [3] the first author constructed hnear Markov traces on the Yokonuma- 
Hecke algebras. The aim of this section is to extend these traces to a p-adic 
Markov trace on the algebra Yp 

3.1. A Markov trace on the Yokonuma-Hecke algebra. The natural inclusions 
J-'n C J^n+i of the classical framed braid groups induce natural inclusions 
J-'d,n C J-'d,n+i of modular framed braid groups. These, in turn, induce the 
algebra inclusions: 

CJ^d,o c CJd,i c CJ^d,2 c. . . 
(setting CJ-'dfl := C), which in turn induce the tower of algebras: 

(3.1) Yd,oiu) CYd,iiu)cYd,2iu) C ... 

(setting Yrf^o(w) := C). Thus, given d, we have the inductive system (Yd,n{u))^^-^. 
Let Yd^oo{u) be the corresponding inductive limit. Then we have the following. 

Theorem 3 (cf. Theorem 12 in [3J). Let d a positive integer. For indetermi- 
nates z, xi, . . . , Xd-i there exists a unique linear Markov trace tr^ = (trrf^„)„gi^ 

tid : Yd,ooiu) — > C[z, xi, . . . , Xd-i] 

defined inductively on n by the following rules: 

tTd,n{ab) = tYd,n{ba) 
trd,„(l) = 1 
trd,n{agn) = ZtTd,n{a) 
tTd (aC+i) 
where a,b & Yrf „(-u). 

Diagrammatically, in the second rule is meant the trace of the identity braid 
of any number of strands with all framings zero. The third rule is the so-called 
Markov property of the trace. View Figure 6 for topological interpretations of 
the last two rules. 



{Markov property) 
(m = 1, . . . ,d — 1) 



I 



tid 



^ I 



/ I I \ 



--ZtTd 



\ I 



I 



tTd 



" ^rntTd 



Figure 6. Topological interpretations of the trace rules 



The key in the construction of tTd is that Yd,n+i{u) has a 'nice' inductive 
linear basis. Indeed, every element of Y^^ „+i (u) is a unique linear combination 
of words, each of one of the following types: 



(3.2) 



Wngn9n-l ■ ■ ■ QiU 



or 



k G Z/dZ 
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where w„ G Yd,n{u). Thus, the above words furnish an inductive basis for 
Yd,n+i{u), every element of which involves gn or a power of t^+i at most once. 
For a proof see [3]. 

Remark 3. In the case d = 1, when the algebra Yi„(u) coincides with the 
Iwahori-Hecke algebra H„(u), the trace tri coincides with the Ocneanu trace, 
cf. [2]. 

3.2. The p-adic Markov trace. Let, now, R denote the polynomial ring C[z] 
and let r be a positive integer. We denote R [X^] the polynomial ring on the 
indeterminates of the set X^, 

Xr := {xa ; a G Z/p^Z} 

For all positive integers r, s such that r > s we have the ring homomorphism 

(3.3) 61 : R [Xr] — > R [X,] 

which is defined through the map Xa ^ Xb, where b := ^l{a). It is a routine 
to prove the following lemma. 

Lemma 6. The family {R[Xr],Sl) is an inverse system of polynomial rings 
indexed by N. 

Notations. We shall denote r,. in place of tr^r and Tr^n in place of tr^r 
With these notations: = {Tr,n)n£n- 

Lemma 7. The diagram below is commutative. 



R[^r] — R[Xs] 

Proof. The proof is by induction on n. The lemma is immediate for n = 1. 
Assume the lemma is true for some n. In order to prove it for n — 1 we 
must check that (rs,„ o (j)l){x) = {S^ o Tr,n){x) for all x G Ypr n{u). Since, 
by definition, 0^, Tg^n and rr,n are linear maps, it suffices to prove that (rs^„ o 
= {SI o Tr){a), for a in the inductive basis of Y^r Firstly, assume 
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a = WngnQn-i ■ ■ ■ Qitl^i, wheie Wn e Ypr.„„i(M). Then: 

Ts,ni(pl{a)) = Ts^n (01(wn)fl'nfi'n-i • • • 9itr,i) {k regarded modulo p') 

= Z Ts,n (01 (Wn)fl'n-l • • • S'i^r.i) 
= Z Ts,n {(pliWngn-l ■ ■ ■ 9itr,i)) 

= z6l {Tr^niwnQn-i ■ ■ ■ 9itr i)) (induction hypothesis) 

= 61 {z Tr,n{Wngn-l ■ ■ ■ gitr,i)) 

= SI {Tr,n{wngngn-i ■ ■ ■ gitt,i)) (trace rule) 
Secondly, assume a = Wntrn- Then: 

rs,n (01(a)) = ^s,n {<Pl{Wn)tr,n) = ^kTs,n (0I(w„)) 

(note that k is regarded modulo p*). By the induction hypothesis we obtain: 

rs,n (01(a)) = Xk SI (rr,„(w„)) = 61 {Xk Tr,n{Wn)) 

and by the trace rule: 

SI {Xk rr,n{Wn)) = (l"r,n(Wn^r,n+l)) = ^1 (^r,n(a)) 

where now k is regarded modulo p"^. Hence the proof follows. □ 
Definition 8. For a p-adic integer a_ = {ai,a2, ■ ■ ■) we shall denote 

Xa_ ■= (Xa,,Xa2, . . .) E \un R[Xr] 

and we shall call a p-adic indeterminate. Further, for an almost constant 
sequence = (oi, . . . , ai_i, a^, a^, . . .) in Z we shall denote 

• (-^ai 5 • • • ; -^ai-i i j ; • • •) & lim 

rGN 

and we shall say that Xa^ is a constant indeterminate. Finally, we make the 
convention xq := 1. 

Let r, s and v be positive integers such that r > s > v. By Lemmas [6] and [3, 
we have the following commutative diagram: 

■ ■ ■ "* Ypu^ji(u) Yps Ypr „(u) ■ ■ ■ 



• • • R [Xt,] R [Xs] R [3Cr] " ■ ■ ■ 

The diagram above induces a unique ring homomorphism Tpoa^^ '■= lim^ Tr,n, 

Tpoo '. Ypoo^^^'u) — ^ lim. 7? 

rGN 
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Recall that, by definition, Tpoo „ = (ri^„, T2^nT3,n, • • • )• 

On the other hand, the inclusions fl3.ll) of Yokonuma-Hecke algebras induce, 
by construction, an inductive system of p-adic Yokonuma-Hecke algebras: 

Ypcx) o(u) C Ypoo C Ypoo 2(m) C . . . 

(setting Ypoc o(u) := C). Let Ypoo oo(w) be the associated inductive limit: 

Ypoo := lirn Ypoo „,(tt) 
new 

Theorem 4. There exists a unique linear Markov trace 

Tpoo : Ypoo — > limi?[X.r] 

reN 

such that: 

Tp°c,n{o_b_) = Tpoo n{b CL ) 
Tpoo,n(l) = 1 

Tp^,n+i{y_gn) = ZTp^^n{y) {Markov propcHy) 

^p-,n+i(y_C+i) = Xmrp^,n{y) {m E Z) 



where a^, b_, y G Ypoo „. 

Proof. The trace Tpoo is unique by Theorem [3] and, by construction, it satisfies 
all properties in the statement. Indeed, let us check the third and the fifth 
property. For y = {yr)r with yr G Ypr n{u) and m = {mr)r £ Zp we have 

rpo^,niy_9n) = {rr,n{yr9n))r- Heucc, uslug Theorem [3l 
Analogously, we have Tpoo^^iytn+i) = (^r,n(l/rt™n+i))^> then: 

□ 

Notation. We shall call adic Markov trace. 

Remark 4. Notice that we have the approximation: 

Tpo-,n{y)= limTpoc „(y,.) 

for y = {yr)r = hniryr £ Ypoo „. In this sense Tpoc „( y ) can be viewed as an 
infinite series in limi?[Xr]: 

oo 

Tp°°,n( 1/ ) = ''^^'Tp°°,niyr)- 

r=0 
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Indeed, the approximating sequence to Tpoo „( y ) by the values of Tpoo „ on the 

elements G fi{CJ-'n) follows easily by Theorem [2] and our usual approxima- 
tion arguments. 

3.3. Computations. We shall now give some computations of the traces tr^^ 
and Tpoo . 

• For the element G Ypoo (1-strand braid with framing k) we have: 

r,At') = {n{t1^^"''^^),T2{t^^^"''^"^),...) = {x,,x,,...)=x, G R[Xr] 
which follows from Definition [HI 

• For the element = {t1^,t2^, . . .) G Ypoo i[u), where = (a.r)r, we have: 

rpoo(t^) = iri{t1^),T2{t2^), ...) = {xa^,Xa2, . . .) = G \imR\Xr]. 
Further, since t<^ = lim,. t"'' we have the following trace approximation: 
Tpoo[t^) = limrpoo(t"'') = limXa^ G limi?[Xr.] 

• For the n-strand identity braid with framings /ci, . . . , G Z we have: 

trd(^^^..^^) =Xfc, ...a;fc„ 

T^tl^ . . . t^) = (r,,,„(t^;i . . . = Xfc, . . . x,„ = rp^(tt^) . . . r(t^) G R[Xr] 

• For the n-strand identity braid with framings aj = {ari)r G Zp we have: 



V-^aii • • • -^ain 5 -^021 • • • •^a,2n 
— i^aii 5 2; £121 ,...)... (yXai„ , Xa2„ ; • • • ) 



ai an 

= rpoo(t^) . . . r(t^) G lim -R[Xr]. 
Further, we have the approximation: 

ai art 

rp^(tr . . .tr) = limrp^(t'^'-^ . . .t^™) = lim (x^,, . . G limi?[X^]. 

• For the elements G and Cpoo j g Ypoo_„(-u) (i = 1, . . . , n — 1) : 

d-l \ , d-l 



(3.4) Ed := tld{ed,i) = f ^ ^ ^^^^"+" ] = ""rnXd-m 

\ m=0 / m=0 

rpoo(epoo j) = Tpoo {{cp^i, ep2 j, ...)) = (rj.,n (cpi-^j))^ = {Ep, Ep2, . . .) = {^Epr)^ G lim -R[Xr 
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Further, from fl2.8p we have the approximation: 




• For the elements ed,igi G Yd^„(u) and Cpoo igi e Ypoo n{u) (z = 1, . . . , n — 1) 
we have the following more general lemma. 

Lemma 8. Let y G Yd,n{u) and set y = {yr)r = hniryr G Ypoo Then we 

have: 

(1) tTd{yed,ngn) = t^diygn) = ztidiy) 

(2) Tp^{y_engn) = Tp^iyjn) = ZTpoo{y) 

(3) Tp<^{y_engn) = z lim^ rpoo(y^). 

Proof, (i) We have y ed,ngn = ^ E^io 2/ On+i^n = ^ Emio 2/ Ci/n^n so, ap- 
plying the trace rule yields the statement. 

(ii) Tp^{y_engn) = {Tr,n{yrepr^ngn))r " (^^ TV,n (Z/r) )r = ZTpoo{y) = Tp^iyjn). 

Finally, (iii) follows immediately from (ii) and Theorem [21 □ 

• For gl G Yd,n{u) and for g^^ G Yoo,n, where gf = {gf, gf,...) we have: 

tTdigf) = l-iu~l)z+{u-l)Ed 

Tpoo(gf) = l — (u—l)z+{u—l){Epr)j. = 1 — (n— l)rpoo(epoo j) G lim -RfX.,.] 

• Finally, we have: 

tvdigf) = {u^-u + l)z + - u)Ed. 

trd(5'j'^) = - + u-'^)z - - + - l)Ed. 

Tpoc,{gf) = {u^ — u + l)z + {u^ — u){Epr)r G lim -R[X,.]. 

Tpoo{gr'^) = {u-^ - + u-^)z - (m^^ - + u'^ - l){Epr)r e hmR[Xr]. 

3.4. The Markov braid equivalence. From the topological point of view, closing 
a framed braid gives rise to an oriented framed link and closing a p-adic framed 
braid gives rise to an oriented p-adic framed link, view Figure [21 By 'closing' 
a braid (3 we mean the standard closure, denoted j3, where we join with simple 
arcs the corresponding top and bottom endpoints of the braid. Conversely, by 
the classical Alexander theorem (adapted to the various framed braid settings), 
an oriented framed link can be isotoped to the closure of a framed braid. 

Further, by the classical Markov theorem (adapted to the various framed 
braid settings), isotopy classes of oriented framed links are in one-to-one cor- 
respondence with equivalence classes of framed braids. More precisely, the 
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natural inclusions Tn C J^n+i and Td,n C Td,n-v\ of the classical and the mod- 
ular framed braid groups and the induced natural inclusions Tpoo ^ C Tpoo^^+i 
of the p-adic framed braid groups give rise to the direct limits Too-, ^d,oo and 
Tpoa ^o respectively. Then we have the following result, which is well-known 
for the case of classical framed links (see for example [7|), and which we also 
adapt here for the cases of modular framed links and p-adic framed links. 

Theorem 5 (Markov equivalence for framed braids and p-adic framed braids) . 
Isotopy classes of oriented framed links (resp. modular framed links) are in 
bijection with equivalence classes of framed braids in Too (resp. Td,oa)- The 
equivalence relation is generated by the two moves: 

(i) Conjugation: a/3 ~ Pa, a,P E Tn (resp. Td,n) 

(a) Markov move: a ~ aCn"^^, a G JF„ (resp. Td,n) 

Further, isotopy classes of p-adic framed links are in bijection with equiva- 
lence classes of p-adic framed braids in Tpoo ^o under the following equivalence 
relation: Two p-adic framed braids a = (ar-)r one? f3 = {(3r)r in Tp oo are 

equivalent if, for each r , ar and Pr are Markov equivalent in Td,oo- In view 
of the isomophisms U.10\) the Markov equivalence of p-adic framed braids is 
generated by the moves: 

(i) Conjugation: afi ~ [3a, a,P & ^p°°,n 

(a) Markov move: a ~ aan"^^, a G 

According to Theorem [5], any invariant of oriented framed links has to agree 
on the closures of the braids a, aOn and aOn~^ . Note the resemblance of the 
conjugation rule and the Markov property in Theorems [3] and H] with moves (i) 
and (ii) of Theorem [51 Having, now, present the recipe of Jones^ we will try 
to define an invariant by re-scaling and normalization of the trace tr^ and the 
]?-adic trace Tpoo. In order to do that we need that the expression \Xd{ag~^^, for 
a G Yd^„(u), factors through \Xd{a), just like \Xd{agr!) does from the Markov 
property of the trace. But 

\.Xd{pL9n^) = tTd{agn) - iu~^ - \)txd{aed,n) + (m"^ - l)trd(aed,„5'n.) 

Analogous requirements apply to Tpoo(ag'^^\ for a G Ypoo „(«). Here we have: 

Tp^{ag~^) = Tpoo{agn) - (u""^ - l)rpoo(ae„) + (n^^ - l)rpoo(ae„5f„) 

By Lemma [H] (i) and (ii), we only need further that the traces tr^ and Tpx, 
satisfy the multiplicative properties: 

(3.5) tYd{aed,n) = trrf(a) tYd{ed,n) a e Yd,n{u) 
and 

(3.6) rpoo(ae„) = rpoo(a) rpoo(e„) a G Ypoo_„(M) 
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With these properties we could then define framed hnk invariants using the 
same method as for defining the Jones polynomial [2]. Unfortunately, we do 
not have a nice formula for tidici ea^n), and this causes the same problem for 
rpoo(ae„). The reason is that the element e^^n involves the nth strand of the 
braid a. 

4. The E-condition 

The goal of this section is to find conditions, so that equations f l3.5p and 
(13.61) hold. Since d remains fixed throughout the section we shall denote tr^ 
simply by tr and we will suppress the index d from the framing generators of 
the algebras Yd^n{u). We shall also suppress the values of the indices in the 
summation symbols. 

For 0<k<d— Iwe now define the elements: 



. 1 

Jk) ._ i^sr^ k+s.d-s 



s=0 

and also: 



Ef := tr (^ej^) = - ^Xfc+,Xd, 



s=0 

With the above notation e^°- = ed,i and E^^^ = E^ = tT{ed,i). Note that in the 
definition of E^'^ the sub-indices of the indeterminates are regarded modulo 
d. For example: E^^ = 1/3 (2x2 + x1) . 

Remark 5. By a change of variable for s it is easy to deduce the following 
useful formulas, for k,l & stressing once more that the sub-indices of the 
indeterminates are regarded modulo d. 

d-l d-l 

-^Z^ti H+1 - (^d,i and - 2^ Xk+sXis - E^ 

s=0 s=0 

4.1. Computing tTd{aed^n)- By (13. 2p every element in Yd^n{u) is a unique linear 
combination of words in one of the following types: 

Wn-iQn-i ■ ■ ■ giti or Wn-itl, k eZ/dZ 
We shall now give some concrete computations. 

• For n = 1 the only case is a = t^. So: tr(a) = and tr(aerf_i) = E^\ 

• For n = 2 we have the following cases for a: (i) a = ti^t2 and (ii) a = t'l^giti. 

(i) tr(a) = Xk^Xk and tr(aerf,2) = Xk^E^ = ^tr(a). 

(ii) tr(a) = zxk^+k and tr(aed,2) = zEl^ '"^ = ^^j--^tr(a). 
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In general we have the following results. 
Lemma 9. Let a = Wn-it'^ with Wn-i G Yd^n-iiu). Then: 

tr (a ed,n) = — ^ tr {a) . 

More generally: ( n ) ~ — ('^) • 

Proof. We prove the more general result. We have: 

s 

= ^5^a:_3tr(«;„_iC+'=+^) 

s 
s 

= tr(w„_i)^ ^ X_sXm+k+s = tr (Wn-l) E^P^''^ 
s 

On the other hand tr(Q;) = Xk tr (wn-i)- 

Lemma 10. Let a — Wn-ign-i ■ ■ ■ ditf G Yd,n{u), with 1 < i < n and w„ 
Yd,n-i{u). Then we have: 

tT{aed,n) = ztii:{a'ed,n-i) 
where a' := gn-2 ■ ..Qit^Wn-i e Yd,n-i{u)- 
Proof. We have: 

tr(Q;ed,„) = ^ ^ x_str{wn-ign-i ■ ■ ■ Qititn) 

s 

= ^ XI X-str{Wn-lt'^_ign-l ■ ■ ■ 9iti) 
s 

^ ^Yl X-str{Wn-lt'^_ign-2 ■ ■ ■ Qit-) 
s 

= ^Y X-s^'^{9n-2 ■ ■ ■ gitiWn-ltt,_i) 



s 



s 



• For n — 3 we have the following possibilities for a: 

(i) tlH',Hl (ii) tlH','g2t', (iii) ttH'rg2git1 
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(iv) g.tlHl (v) g.tl^g^t'^^ (vi) g,t\^g2git\ 

Cases (i) and (iv) are applications of Lemma [91 Cases (ii), (iii) and (v) show 
also factorizing through tr(Q;). Indeed, by direct computations we obtain: 

(ii) tr (acd.s) = — tr(a) 

(iii) tT{aed,3) = — tr(a) 

•^ki+k2+k 
^(fci+fc) 

(v) tr {aed,3) = — tr(a) 

Notice that, even in the above simple cases, where tT{aed,3) factors through 
tr(Q;), the factors are different in all examples. It remains now to consider case 
(vi) for a. Indeed we have: 



= ztT{gft',H'l) 

EU , / ■,\jp{ki+k) 2 1 i\ 

= z xu^Xk ^ z[u - \)E\ ' - 2; (m - l)xfc,+fc. 

s 

s 

It is clear from the above that in order to have Eq. 13.51 we must impose 
conditions on the set of indeterminates Xd = {xi,X2, ■ ■ ■ , Xd-i}- 
For example we have the following: 

Lemma 11. Let c G C \ {0}. Setting Xi = d, we have: 

tT{aed,n) = tr(a)tr(ed.„) and tr(ed,„) = 1 (a G Yd,n{'^)) 

Proof. The second equality follows immediately by a direct computation. We 
shall prove the first one by induction. For n = 1 we have from the above: 
tr(o;) = and tr(aed,i) = E^^ = ^ X]f=o = c^- Suppose the state- 

ment is true for any element in Yd,n-i{u). 

Let now a be an element of the inductive basis of Yd,n{u). If a = Wn-itn, 
where Wn^i G Yd,n~i{u) then, by Lemma O tr(aed,„) = ^tr(a) = ^tr(a). 
If, finally, a = gn-i ■ ■ ■ gitfwn-i G Yd,n{u), with Wn-i G Yd,n-i{u) then, 
by Lemma [To) tr(aed,„) = ztT{a'ed,n-i), where a' = gn-2 ■ ■ ■ Qit^Wn-i in 
Yd,n-i{u). Using now the induction hypothesis on the canonical word a' we 
obtain: tr(aed,„) = ^ tr(a')tr(ed,„_i) = ti{gn-ia')ii{ed.n) = tr(a)tr(ed,„). □ 



(vi) tr(a) 
tr(aed,3) 
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Unfortunately, the condition Xi = d does not lead to an interesting invariant 
from the topological viewpoint. For example: 

trrf(tt4) = x^x, = c^+' = xi+, = tr,(t^'t°) 

but the closures of these two 2-stranded braids are not isotopic as framed 
(un)links of two components. 

4.2. The E-system. We shall now seek conditions on a subset of ci — 1 non- 
zero complex number other than those of Lemma fTTl so that (13. 5p an (13.61) are 
satisfied. 

Definition 9. For m = 0, . . . , c? — 1, let E^™^ denote the polynomial 
(4.1) = ^x^+,Xd-. 

s=0 

where, by definition xq = x^ = 1, and the sub-indices are regarded module d. 
We say that the set of complex numbers Xa = {xi, . . . , Xd-i} satisfies the E- 
condition if Xi, . . . , Xd-i satisfy the following E -system of non-hnear equations 
in C: 

Ei^^ = x,Ei°) 
E?^ = x.E?) 



Erf - ^d-ii^d 

Equivalently: 

d-l d-1 
(4.2) ^ Xm+sy^d-s = Xm ^ XsXd-s (1 < m < d - 1) 

When two expressions are equal under the E'-condition we shall use the 
notation =. Note that if Xd satisfies the ii^-system then: 

^(m) j^ik) 

^— = ^ = Ed = tTd{ed,i) {l<m,k<d-l) 

Clearly, the i?-condition guarantees a common factor, namely Ed = tr(erf,3), 
at least for the cases where ti^acd^n) factors through tr(a). Surprisingly, we 
also have the following result. 

Theorem 6. If Xd satisfies the E-condition then for all a G y^d,n{u) we have: 

tr(aed,„) = tr(a) tr(ed,„) 
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Proof. By the linearity of the trace it suffices to consider the case when a is an 
element in the inductive basis of Yrf „(M), recall fl3.2p . We proceed by induction 

on n. For n = 1 we have: ii{aed,i) = -^tr(a) = E^ti^a) = tr(a) tr(ed^i). 
Suppose the statement is true for n — 1, that is, for all elements in Y^n-iiu), 
and let a be an element of the inductive basis of Y(i,„(u). If a = Wn-itn, where 
m„_i G Yd,n-i{u) then, by Lemma [9], we have: 



tY{aed,n) 



E;, ■ , s E 



tr (a) = tr(a)tr(ed,„) 



If, finally, a = gn~i - ■ ■ git^Wn-i e Yd,n{^)^ ^^^^ ^n-i ^ Yd,n-i{u) then, by 
Lemma [T0| we have: tr(aerf_„) = ztr^a'cd^n-i), where a' = gn-2 ■ ■ ■ Qit^Wn-i in 
Yd,n-i{u)- Using now the induction hypothesis on the canonical word a' we 

E 



obtain: ti{aed,n) = tr(a')tr(erf.„_i) = tr(5(„_ia')tr(ed,„) = tr(a)tr(erf.„). 

Next, we give a useful computational result using the ^'-condition. 
Lemma 12. For the set of indeterminates Xd we have: 



□ 



d 



{k+s) E_ 



E 



(k) 



{k e N). 



Equivalently, 



Proof. Indeed: 



x.tr(e.,.^,eg 



tr e 



'd,n 



^ ^ X-sEf'^'''' = X-sXk+sEd = EdE^ 



1 2 



(fc) E 



Xi. 



E 



(fc) 



□ 



Let us now see how exactly the i?-condition works in the case (vi) of n = 3, 
namely when a = git'l^ g2git'l. Recall: 

tr(a) = z Xk^Xk + z{u - l)Ef^^^^ -z'^{u- l)xk^+k- 
Hence: 

tr(a)tr(ed,3) = z XkiXkEd+z{u-l)Ef^'''''^ Ed-z^{u-l)xk^+kEd■ 
On the other hand: 

tr(aed,3) = zxk.E^ + 
Then from Lemma 

tr(aed,3 



z{u-l] 
d 



J2x.sEr''^'^-z\u-l)El; 



(fcl+fc) 



zxk-^E^^ + z{u 



E 



(k+ki) 
d 



Xk+ki 



z\u-l)E^ 



(fci+fc) 



p-ADIC FRAMED BRAIDS II 35 

Applying now the i^^-condition to Xd yields immediately ti^aed^s) = tr(Q;)tr(erf,3). 

4.3. Solutions of the E -system. The £'-system has always a not-all-zero solu- 
tion. For example, we have the cyclic solution = where C is a primitive 
dth root of unity. Indeed: 

E^™^ = Ef=o ^m+s^d-s = ^ Erf = 1 and x^E^ = x^ = C" 

The solution x^ = of the E'-system is a special case of Lemma [TTl so it is 
not interesting for our topological purposes. It is worth observing at this point 
that the values Xj = c* of Lemma [11] do not comprise, in general, a solution of 
the i?-system. For example, for c? = 3 we have the i?-system: 

xi + x^ = 2xfx2 

Xi + X2 = 2XiX^ 

Substituting now Xj = d does not automatically satisfy the system equations. 

Beyond the above cyclic solution, for d = 3,4 and 5 we run the Mathematica 
program and we found other solutions of the ii^-system for which 

tr(erf,j) 7^ 1, for all i 

For example, in the case ci = 3 we have the non-trivial solutions: 

xi = X2 = ~ or xi = i ^-1 + iVS^ , X2 = ^(^l + iVS 

and also the solution where we take the conjugates in the previous one. 
Consider now the real numbers 

5i--=^T^, (^ = l,...,rf-l) 

a — \ 

and denote E^'"''((5) the evaluation of E^™"* at Xj = 5j. According to (14.11) we 
have Ef = l + Ei}x.Xrf„„ then 

p(o),e, _ , , ^ (-l)^(^-i)(-l)(^-^)(^-i) _ ^ (-1)^^-1) 
therefore 



ErW = l + 



Proposition 4. 5 = {bi\ is a solution of the E-system ^.^ ). 
Proof. For m = l,...,d— Iwe have: 

Erf = 2xm ~l~ ^ ^ x^-i-^Xrf—s 

s^O,d—m 
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So: 



^ -2(-l)"^('^ 1) 1 



sjtO,d—m 
_n( _'l\m{d-l) ( A\{d-l)rn 

d-l id -If ^ > 

d-l ^ {d-lf ' 

_2(_l)m(d-l)^^ _ 1) + - 2) 



(ci-l)2 



□ 



Remark 6. Note that for the solution 5 — {5i\ of the £^-system we have 
Med,) = iEj)(5) = ^7^1ford7^2. 

In the Appendix to this paper we give the general solution of the £'-system, 
due to Paul Gerardin. 

4.4. Lifting solutions to the p-adic level. Let r and s be two positive integers, 
such that r > s. We prove now that a soluction of the i?-system for d = 
lifts to a solution of the corresponding £^-system for d' = p^. This is important 
for showing that there are also interesting solutions at the p-adic level. 
Given C = (Ci, . . . , e C^, we define C' = (C(, ■ ■ ■ , e C*^' as follows: 

, ^ r 0, fori = 1, . . . 1 
\ Q, fori = j (modd). 

Then we have the following commutative diagram: 



(4.3) 



R 

where evc is the evaluation homomorphism at c e C"*. 

Proposition 5. Let d = p^ and d' = p^ with r > s. If ( is a solution of the 
system of equations E^^^ = XfeE^ {k = 1, . . . , d — 1) then C is a solution of the 
system of equations E^p — ^k^d' {k = 1, . . . ,d' — 1). 
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Proof. The equation E^'^^ = Xj^E^ can be written as: tr^^ (^e^j^l^ = tr^ (ed,n^n+2) • 
Now: ev^/ ^tr^/ ^e^^'''„j j = (ev,^/ o tr^/) (^e^^^^ , and from diagram (14 .Sp we have: 

eve (trd' (e^,i)) = (ev^ o 51 o tr^O (ej^„) 

= (^ev^ o trd o pj' j (^e^^^^„) (Lemma [7]) 
= ev, (tr, (rf (e;,?..))) 



eve (tr. (eS; 
ev^ (tr^i {ed,n'tn+2)) (Induction hypothesis) 
ev^ (tr^ (pd {ed',ntn+2) 



= ev^ (§1 {tid' {ed',ntn+2))) (Lemma ED 
= ev^/ [tid' {ed',ntn+2)) (Diagram (gS])). 

Hence (' is a solution of the system: E^'^'' = x^F^d' {1 < k < d' — 1). □ 

5. ISOTOPY INVARIANTS OF FRAMED AND p-ADIC FRAMED LINKS 

The aim of this section is to define an infinite family of isotopy invariants 
of oriented framed links, using the Markov traces of Theorems |3] and H] and 
the Markov equivalence of Theorem O Also, to define an isotopy invariant 
of p-adic oriented framed links, using the p-adic Markov trace of Theorem H] 
and the p-adic Markov equivalence of Theorem [51 {Isotopy is the notion of 
topological equivalence for knots and links). 

5.1. Framed link invariants from tid- Using Theorem [6] and Lemma [8] we can 
proceed with the factorization of tr(aed_„), assuming the ii^-condition. Indeed, 
we then have: 

tidiag-') = {z-{u-^ -l)Ed + {u-^ -l)z))tTd{a) 

Z+{u-l)Ed . f f ^ 

= trrf(a) = trd(5(„ ) trrf(a), 

u 

where Ed was defined in f l3.4p . 

In analogy to the construction of the Jones polynomial^, we will do first a 
re-scaling, by which agn and ag~^ will be assigned the same trace value for 
any a G Yrf „(u). More precisely, we define 

z+{u- l)Ed 
00 := 

uz 
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SO tidign^) = ujz. Then the map: 
defines the representation: 

^d,u} '■ ^ d,n ^ 

Moreover, composing with the natural projection from JF„ to J-'d,n, the repre- 
sentation Qd,uj hfts to a representation of J-'n to Yd,n{u), and we retain for this 
the same notation, fld,uj- Then we have the following: 

Definition 10. For any framed braid a G J-'n we define for its closure a: 

1 — LOU 



\^/uj{l -u)EdJ 

Defining further the exponent e(a) of a as the algebraic sum of the exponents 
of the (Tj's in a and denoting 

1 — LOU 1 

A := ^ ^ — = — — 

^/uj[l - u)Ed z^uj 

we have: 

r,(a) = A"-i(v4;r(")tr,(«) 

Let now C denote the set of oriented framed hnks and let C(2;, Zi, . . . ,Xd) 
be, as usual, the ring of rational functions on Xd with complex coefficients. 
Then we have the following. 

Theorem 7. // the set Xd satisfies the E-condition then the map Td is an 
isotopy invariant of oriented framed links. 

Yd : C — > C{z,xi, . . . ,Xd) 
a Td{a) 

Proof. By the classical Alexander theorem, any link can be isotoped to the 
closure of some braid. Thus, showing that Yd is constant on the isotopy class 
of the oriented framed link a for any a G J-'oo implies the statement. By Theo- 
rem [5] isotopy classes of oriented framed links are in bijection with equivalence 
classes of braids. Hence, we must prove that Td{a) = Td{c(On) = Td{a(J~^), 
for all a E J-'n- The first equality is basically taken care by the coefficient of 
A in Definition [101 the second by the re-scaling of the trace. More precisely, 
and since e{agn) = e(a) + 1 and e{ag~^) = e(a) — 1, we obtain: 

rd(aovi) = A''y/uj^^°'^"\Td{agn) = A^/uJzTd{a) 

Td{^') = A"v^^^"^"^tr,(a(7-i) = AV^zTd{a) 
Therefore, and since A^fui z = 1, the proof of the Theorem is concluded. □ 
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Remark 7. For any oriented link with all framings zero, it follows by Re- 
mark[31 that the invariant F^; coincide with the HOMFLYPT (2-variable Jones) 
polynomial [2] for oriented classical links. 

5.2. Some computations. Clearly, for the unknot O with framing zero we have 
F,(0) = 1. 

• For the unknot O'^ with framing /c G Z we have TdiO'^) = Xk where 
{xi, . . . , Xd~i} constitutes a solution of the E'-system. 

• Let H = ajtit2 be the Hopf link with framings fc, / G Z. We have e{a'ft'lt2) = 2 
and, using Remark [5], we find: 



Frf(H) = Autidig'tt'A) = [xi^k + {u- l)Ef^'^ -{u- l)zxk+i 
where {xi, . . . , Xd-i} constitutes a solution of the i?-system. 

• Let T = aft^ be the right-handed trefoil with framing A; G Z. We have 
e(or3ifc) = 3 and, using Lemma [Hand Remark [5l we find: 

Fd(T) = AV^hid{g!t',) = Av^' 

where {xi, . . . , Xd-i} constitutes a solution of the ii^-system. 

• Let, finally, T' = (Ti^ti be the left-handed trefoil with framing G Z. We 
have e{a^^t^) = —3 and, using Lemma [Hand Remark [S], we find: 



[u^ -u + l)zxk - u{u - l)Ef'^ 



Fd(T') = Av^~' - + u-^)zxk - - + u-^ - 

where {x\, . . . , Xd-\\ constitutes a solution of the i?-system. 

5.3. A skein relation for Yd- Let L+, L_, Lm and L'^, m = 0, . . . ,d — 1, he 
diagrams of oriented framed links, which are all identical, except near one 
crossing, where they differ by the ways indicated in Figure |H Then we have 
the following result. 

Proposition 6. The invariant Td satisfies the following skein relation: 

-L r.(L J - v^r.(L_) = ^ g r,(L„.) - £ ^'(^'^) 

* m=0 m=Q 

The above linear skein relation arises from Eq. (11.51) and is diagrammatically 
related to Figure HI but with different coefficients. 

Proof. The proof is standard. By the Alexander theorem for framed links we 
may assume that L+ is in braided form and that L+ = f3ai for some (3 & Tn- 

Also that L_ = (3al^. Recall now (II. 3p and apply relation (II. 5p for the g^^ in 
the expression: 

r,(L_) = A^-\V^)<P^T\Td{Pg-') 
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Finally, noting that e{Pg-^) = e(/3) - 1, e{Pg,) = e(/?) + 1, e(/?tr^r+'T) = <P) 
and e{Pt^t^^gi) = e(/5) + 1 we obtain the stated relation. □ 

5.4. Framed and p-adic framed link invariants from Tpoo . The aim of this sub- 
section is to extend the values of the invariant to the p-adic context. Let 
Cpoo denote the set of oriented p-adic framed links. For positive integer integer 
r, s such that r > s, the connecting ring epimorphism (recall (13.31) ) yields 
a connecting epimorphism from the ring of rational functions C{z, Xr) to 
the ring of rational functions C{z,Xs)- It is a routine to proof the following 
lemma. 

Lemma 13. For all r > s > v , the following diagram is commutative. 



Id 



Id 



Cr. 



C {z, Xr) 



The ring limi?[Xr] turns out to be an integral domain. We shall also denote 
Rpoo the field of fractions of lim Taking now inverse limits in the diagram 



of Lemma [T51 we obtain the map: 



lim Fj 



Theorem 8. If for all r the set Xr satisfies the E -condition, then the map 



C 



(Tp{al),Tp2{'Si), . . .) 



for any a = (ar-)r £ lim Tp^o ^ is constant on the equivalence classes defined 



by the p-adic version of Theorem{^ Moreover, 

n-l 



1 



UJU 



- u)Ep 



for some r and where a G 

Proof. By Proposition [5] we have non-trivial solutions of the i?-system in the 
p-adic context. Let now (3 = {f3r)r and a = (a^ cx) oo be Markov 

equivalent p-adic framed braids. Then, according to Theorem [5l we have that 
in each position the modular framed braid jSr is Markov equivalent to the braid 



a 



So, Fp) 



Tpr(ar), hence Tpcx,(a 



Fpoo to the set C of classical oriented framed links we have that Fp 



Moreover, restricting 
is also 

an isotopy invariant of oriented framed links. Note that, given a framed braid 
a G J-'n, after some position the entries Tpr [a) of Fpoo(Q?) will all have the same 
formal expression. So, and by Subsection 4.4, the value Fpoo(Q?) can be seen 
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as a constant sequence in i?poo, that is, an element in some C {z,Xr)- So, we 
have: 

Tpoo (a) = (rp(a) , (S) , . . .) 

= (A"-i(V^)<")Ti(ai), A--i(v/^)^HT2(a), . . .) 
= A--^(v/^)<«)(ri(a),r2(a),...) 

□ 

6. Appendix: The £'-system 
BY Paul Gerardin 

We interpret each polynomial in (4.1) 

Xm+sXd-s, <m< d 

0<s<d 

in the d complex numbers xo,xi, Xd-i as the value at m of the convolution 
product by itself of the element a; : s h- > in the complex algebra C[D] of 
the cyclic group D — Z/dZ : the convolution product f * g oi two elements 
f,geC[D] is 

f*g:w^ f{u)g{v), 

u+v=w 

the sum being on the set of {u,v) G D x D with sum w. 

The algebra C[D] is commutative algebra with unit Sq, the characteristic 
function of the unit element G -D. It is the direct sum of its simple ideals 
Cca, a e the Ca's being the characters of the group D : 

They satisfy the following relations : Ca * is dca for a — b and otherwise, 
so that the Ca/d, a E D are its elementary idempotents. 

The algebra C[D] has another product, with unit eo, given by the product 
of values: 

fg f{w)g{w), 

and is the direct sum of its simple ideals C6a, a E D, where 6a is the character- 
istic function of the element a E D ; they are also the elementary idempotents 
for this structure. 

The Fourier transform on C[D]: 

f ^ f : V ^ {f * e^){0) = f{u)e^{-u) 

ueD 
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is a linear automorphism. In particular, 5a = e_a, = dSa, a & D. Its inverse 

is / H- > (m I— > ^fi—u)), which means f{u) = df{—u) 

The Fourier transform sends the convolution product to the product of values 

f*9^f9, 

hence fg — d~^ f * g. 

The ^'-condition (4.2) can now be written as 

X * X = {x * x){0) X. 

To solve the E'-system x{0) = 1, x*x = {x*x) (0) x, we use Fourier transform, 
to get 

x{0) = = {x*x){0)x 

If {x * x){0) = 0, then = so a; is and also is x, which is excluded by the 
condition a;(0) = 1. Now, the equation says that the function x is constant on 
its support S where it is {x * x){0). As the characteristic function of S is, up 
to the factor d, the Fourier transform of the sum oi ea,a & S, we have shown 
that 

X = (^x* x){0)-^es 
As x{0) — l,we have {x * x){0)^\S\ — 1, with l^"! the cardinality of S. 

(Jj 

Finally, we have proved that the solutions of the i?-system are the functions 
xs parametrized by the non-empty subsets S of the cyclic group D of order d 
as follows: 

' ' ses 

For 5" = D, it is the trivial solution Sq. The complement of the support of 
any non trivial solution is another solution. In particular, each element a & D 
defines two solutions of the i?-system : one is the character e^, the other is 

given by - — — outside 0. When the order d is even, we can take a = d/2, this 
1 — d 

gives the solution u i— > -, u 0. 

1 — d 
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